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We discuss a cosmological model where the universe shrinks rather than expands during the 
radiation and matter dominated periods. Instead, the Planck mass and all particle masses grow 
exponentially. Together with a preceding inflationary phase and a late dark energy dominated 
epoch this model is compatible with all observations. It has no big bang singularity. There exist 
other, equivalent choices of coordinates or field variables for which the universe shows the usual 
expansion or is static during the radiation or matter dominated epochs. Predictions of this model 
for primordial density fluctuations created during inflation concern a spectral index n = 0.97 and a 
tensor to scalar ratio r = 0.13. 
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After the discovery of general relativity, Einstein and 
others have tried to find static solutions of cosmology. This 
Attempt has been abandoned after Hubble's observation 
C^of a systematic redshift proportional to the distance of a 
p ;alaxy. This redshift has been taken as a clear indication 
for the expansion of distances with cosmic time. There is, 
however, a loophole in the argument. Imagine that masses 
of electrons and protons were smaller at the time of emis- 
sion of radiation from a galaxy than they are today. Then 
CHlie frequences of characteristic atomic lines are also smaller 
Q t)han the ones observed on earth. This effect could replace 
^t'he redshift due to expanding distances. In this note we 
"^demonstrate that such a scenario is perfectly viable. We 
d Construct a simple model for which cosmological distances 
shrink or remain constant. Only the Planck mass and the 
I particle masses increase simultaneously with time [l| . 
^ Our model predicts dark energy for late cosmology, while 
very early cosmology is characterized by an epoch of infla- 

^^tion. Inbetween one finds the usual radiation and matter 
00 

dominated epochs. For all four periods the absolute value 
• of the Hubble parameter H remains almost constant, given 
^C^by an intrinsic mass scale /j,. While the sign of H is posi- 
t|ive for inflation, it turns negative for radiation and matter 
I domination. Nevertheless, we recover all standard predic- 
• • t'ions of cosmology. Since particle masses grow proportional 
. ^ to the Planck mass all observed bounds on the time vari- 
ation of fundamental constants and apparent violations of 
the equivalence principle are obeyed. 



The cosmology of our model has no big bang singularity. 
The field equations admit a solution which can be extended 
to infinite negative time t — !■ — oo. In this limit the effective 
Planck mass and the scale factor approach zero. Invariants 
formed from the curvature tensor remain finite. 

Cosmon field equations. The cosmological field equations 
can be derived by variation of the effective action T which 
includes already all effects of quantum fluctuations. Our 
main points can be demonstrated for a simple form of the 
effective action for a scalar field x - the cosmon - coupled 
to gravity. 



The kinetic term. 
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leads to a stable theory for if > —6 [K = — 6 is the "confor- 
mal point"). Our specific form of K interpolates between 
two different constants for x^ <C and x^ ^ tu^ ■ Com- 
patibility with observations in late cosmology (bounds an 
early dark energy) requires a > 10, while an inflationary 
period in early cosmology can be realized for small a, say 
a = 10~^. The present value of x can be associated with 
the reduced Planck mass M = 2.44 • 10^''eV, while the 
present value oi V = ^^x^ accounts for the dark energy 
density, such that /i « 2 • 10~'^^eV. Our model differs from 
a Brans-Dicke theory [2] by three important ingredients: 
the presence of a potential V = fj.'^x^j the x-dependence of 
K and, most important, the scaling of all masses with x 
[!]• 

For a homogenous and isotropic universe (and for van- 
ishing spatial curvature) the field equations read Jj] 
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The constant term 4^^ on the r.h.s. of eq. (U) corre- 
sponds to the potential divided by the squared Planck 
mass, 4:V/x^- As usual, we denote the scale factor in the 
Robertson- Walter metric by a{t) and H = dt In a. The en- 
ergy momentum tensor T^i, as well as reflect the effects 
of matter and radiation. 

De Sitter solutions. For constant K these equations have 
solutions where the geometry is for all times t a de-Sitter 
space with constant H, while the effective Planck mass 
increases exponentially 



H ^b^i , X = Xoexp(cAtt). 
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In the absence of matter (q^ — 0,r^y — 0) the dimension- 
less constants b and c obey algebraic equations which have 
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two solutions, determined by 



{K + &)cl = 4, {K + 6)cl^^j^-^, 
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The two solutions coincide for K = —5,ci — C2. 

For K < —6 only the solution C2 is possible, with be < 0. 
The solution ci exists for all K > —6 with be = —2/{K + 
6) < 0. In this case one has 
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Furthermore, for K > —16/3 one has also the solution C2 
with 



b = 



+ 6)(3if+ 16) ' V(^ + 6)(3i^ + 16) 
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Solutions with both h and c positive exist only for K > —4. 

In order to discriminate between the two solutions we 
also consider the 0, 0-component of the gravitational field 
equation 
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In the absence of matter only the solution C2 ([8|) is consis- 
tent with eq. ©• Thus this solution is the one relevant 
for scalar field dominated cosmology. The solution ci can 
only be realized in the presence of radiation, see below. 

Asymptotic cosmology. We begin with scalar field domi- 
nated cosmology and assume < 2 such that for x ~^ 
the condition K > —4 is obeyed. Then scalar field domi- 
nated cosmology describes an exponentially expanding uni- 
verse with exponentially increasing effective Planck mass x- 
As long as constant K remains a good approximation the 
solution ([S]) , ([5]) can perfectly describe the evolution of the 
universe for all times, including t ^ —oo. This solution is 
completely regular, no singularity is encountered. Indeed, 
we can take for t — — oo, x ~^ the geometry of a de Sitter 
space with curvature tensor 
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All invariants formed from the curvature tensor and its 
covariant derivatives are regular. 

The "big bang" is now free of any singularities! The cen- 
tral ingredient why the usual singularity is avoided arises 
from the behavior of the effective Planck mass x- it ap- 
proaches zero as t — —oo. From the point of view of 
the field equations (jS]) this is in no way problematic, even 
though the effective strength of gravity, characterized by 
the effective Newton-constant G(x) = l/(87rx^), diverges 
for t — — oo. 

As X grows with increasing time the approximation of 
constant K will no longer remain valid. In the region of x 
around m we will have to investigate solutions where the 



X-dependence of K{x) is taken into account. For very large 
^ we may again use a constant K. For 2 < < 6 
we have again the solution ([S]), dH), but now with negative 
b and therefore negative H. In this region the scale factor 
a{t) decreases. For < 2 and > 2 a pure scalar field 
cosmology therefore describes a universe where the scale 
factor a{t) first increases exponentially, and subsequently 
decreases exponentially. For all times the effective Planck 
mass X grows exponentially. 

Inflation. We will next show that the first stage of the 
evolution describes an inflationary universe. Let us take 
(5 <C 1. For the very early universe with x ^ one has 
K + A — A/cP' — 2':^ 1, such that 6 ^ c. In this case we can 
neglect x as compared to 3i?x in eq. ^ . This property is 
called the "slow roll approximation" for inflation. We may 
continue the slow roll approximation to larger values of x- 
As long as ^ jrv? <C ct^ jc? we can neglect in eq. ^ the 
term ~ a"^, such that the evolution equations read in the 
slow roll approximation 
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The slow roll approximation breaks down once xjx is 
roughly of the same order as H. We may deflne 



c?{ri{^ + x^) 
rn? — 3a^x^ 
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such that the slow roll period ends once e is of the order 
one. (For large K the criterion is rather e < K.) For 
X^ jrr? = l/(4a^) one reaches t—X and we conclude that 
the inflationary slow roll phase ends once x reaches a value 
of this order of magnitude. The amplitude of density fluc- 
tuations is governed by the ratio of the potential over the 
fourth power of the effective Planck mass, /J.^/x^- For large 
values of rr? jio^is}) the density fluctuations can be very 
small, as required for a realistic cosmology. 

Radiation domination. After the end of inflation entropy 
is created and the universe is heated. The subsequent ra- 
diation dominated period is realized for large x where K 
can be approximated by the constant A/a^ — 6. For radia- 
tion the trace of the energy momentum vanishes such that 
the fleld equations ([3]), (jH) are not altered by the presence 
of radiation. However, eq. ([9]) involves now the energy 
density of radiation Tqq — p^. The conservation of the 
energy momentum tensor implies p,- ~ a^* and therefore 
Too = PrM^ exp(-46^i). 
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— = p^p^ exp { - 2(c -f 26)^t}. 
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For the shrinking universe according to the solution ^ 
the energy density of radiation increases proportional to 
X^, with Too/x^ = PrM^- Eq. ([9]) is then obeyed for 
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A positive pr requires K < —5 or > A. (For K = —5 
the solution matches smoothly with scalar fleld dominated 
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cosmology according to the solution ([8]).) The scenario of a 
shrinking radiation dominated universe with increasing ef- 
fective Planck mass looks rather unfamiliar and intriguing. 
We will find out later that this scenario predicts actually 
the same observations as the standard radiation dominated 
universe with expanding scale factor and constant Planck 
mass. 

Matter domination. The issue of matter is slightly more 
complicated. A realistic setting requires that the mass of 
the nucleon to„ or the electron rUe scale proportional to 
the growing Planck mass x- Otherwise the ratio run/x 
would depend on time, violating the strict observational 
bounds. (Small deviations from this proportionality are 
allowed and could result in an observable time variation of 
fundamental constants and apparent violation of the equiv- 
alence principle.) As a consequence of the proportionality 
of particle masses to x one finds for massive particles an ad- 
ditional "force" in eq. (|3|, adding a term — —{p—'ip)/x 
on the right hand side Also on the r.h.s of eqs. 
^ one has now to add terms — T^/x^ = {p ~ 3p)/x^ and 
2oo/x^ p/x^j respectively. For a conserved particle num- 
ber the density n is diluted as n '-^ a~^. Thus the energy 
density of a pressureless gas will scale ^ X^~^ and there- 
fore become comparable to radiation at some time. After 
this matter-radiation equality we can essentially neglect 
radiation and follow the evolution in a matter dominated 
universe. 

For p ~ (and neglecting p) the additional terms on 
the r.h.s. of the field equations are constant (after dividing 
eq. ([3]) by x). Solutions of the type ([5]) are again possible, 
now with p — pmP^ exp {(—36 -I- c)pt^ , 
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With the addition of the corresponding terms on the r.h.s 
the field eqs. ([3]), (|1]), © are all obeyed for constant K 
and 
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This solution exists for K < —14/3 or > 3. 

At this point cosmology is described by a sequence of 
three de Sitter geometries, all with exponentially increas- 
ing X- For the first scalar dominated inflationary period 
the universe is expanding, while it shrinks for the subse- 
quent radiation and matter dominated epochs. The Hub- 
ble parameter H = bp remains always of the same order of 
magnitude, changing sign, however, after the end of infla- 
tion. 

Dark energy domination. In the present epoch we live in a 
transition from the matter dominated era to an epoch dom- 
inated by dark energy. There are several possible causes for 
such a transition. First, the kinetial K could be modified 



such that for the present value of x it gets large again Q . 
For example, K could be periodic in x- For large K the 
scaling solution with matter (fT6|) , (fT7|) is no longer possible 
and the universe may return to a scalar field dominated cos- 
mology according to the solution ([7]). An interesting pos- 
sibility is also that K gets smaller than —6 for the present 
values of x- The matter dominated period has to end and 
the universe may subsequently approach the scaling solu- 
tion ([7]). Without a modification of K the mass of some 
particles as neutrinos could grow faster than x and become 
relevant for cosmology in the present epoch. This would 
be the setting for growing neutrino quintessence [1, Q . 

Reseated coordinates. The interpretation of cosmologies 
with a variable effective Planck mass becomes more fa- 
miliar if we choose a different system for the coordinates. 
So far we have fixed time intervals dt and comoving space 
intervals dx^ in a Robertson- Walker metric. Instead, we 
may want to measure time in units of the inverse effective 
Planck mass x~^j introducing the time intervals 



dt' = ^dt , t'{t) = ^ 1 x{i)dl 
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(Here we choose units with M the present Planck mass 
such that dt' equals dt at the present time.) For solutions 
with an exponential expansion, x = Xo exp(c/ii), one finds 
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We observe that t' goes to zero as t — > — oo. In the new 
time coordinate t' the big bang appears as the "origin of 
time" . We emphasize that this is a pure coordinate effect. 
Expressing the solution ([5]) in the i'-coordinate the field x 
increases linearly 



X(t') = cpMt'. 



(20) 



We may perform a similar rescaling of the space coordi- 
nates. It is more convenient, however, to use again fixed 
(comoving) space positions and to employ instead in the 
Robertson Walker metric a rescaled scale factor 



a'{t') = ^a(t). 



(21) 



Evaluating the Hubble parameter in the rescaled coordi- 
nates yields 

d , M d , , M f x\ , s 

M 7 ^ " + " 7 ^ X j ■ ^^^^ 

The rescaled Hubble parameter H' differs from H in two 
important aspects. First, for constant H = bp and x/x = 
cp one finds H' to be proportional to 1/t', 



H' 



b + c 
ct' ■ 
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Second, even for a shrinking universe with 6 < the uni- 
verse appears expanding in the new coordinates if c > —6. 
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In particular, for the radiation and matter dominated 
epochs with b = — c/2 ([7]) or 6 = — c/3 p6p one finds 
an expansion H' = l{2t') or H' ~ 2/(3t'), respectively. 
This results in the familiar expansion laws a' ^ (t')^/^ or 
is in the rescaled coordinates that cosmology 
takes the usual form! 

For the radiation and matter dominated epoch we 
have replaced the usual expanding universe with constant 
Planck mass by a shrinking universe with increasing Planck 
mass. We can also find coordinates where the universe is 
static, while the Planck mass grows with a different rate. 
For this purpose we choose a more general coordinate t' 
and rescaled scale factor a' according to 



dt' = 



dt 



(24) 



(with eqs. (IT8l) . ((2T|) realized for 77 = 1.) This yields a 
rescaled Hubble parameter 
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where the last identity uses the scaling solution. Choosing 
rj = —b/c the Hubble parameter vanishes, leading to a 
static scale factor. For the matter and radiation dominated 
epochs the choice of coordinates for which the universe is 
static corresponds to 77 = 1/3 or 77 = 1/2, respectively. For 
this choice the geometry is fiat Minkowski space. 

Einstein frame. Instead of rescaling the coordinates we 
may also keep a fixed coordinate system and change the 
metric. This amounts to a nonlinear transformation in 
the space of field variables which will change the form of 
the effective action and the field equations. The choice 
of field variables does not matter for physical observables. 
Performing a Weyl scaling g^^^, 
for the scalar field the variable 



{M^/x )g'^,u and using 



(26) 



the action ([T} reads (we do not write primes on y^^, R and 
r= jd^x^gL^R 



2 
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+Z_aAV9^^ + M4exp(-^) ^, 
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Particle masses that scale ~ x in the "Jordan frame" (using 
g^^) are constant in the "Einstein frame" (using g^^) [l|. 



For large x where k"^ k. \ the effective action (|27)) de- 
scribes a standard model for quintessence with an expo- 
nential potential. One recovers the known scaling solu- 
tions for the radiation [n — 4) and matter (n — 3) dom- 
inated epochs, with a constant fraction of early dark en- 
ergy Vlh — njo? [1, 1?!- One may verify that the de Sit- 
ter solutions (I?]), and ([T5)) . (|17p are in one to one 
correspondence with these scaling solutions. The infia- 
tionary period occurs for small or negative ip. It is de- 
scribed by "cosmon inflation" 8] with slow roll parame- 
ters e = 77 = (5^x^/(2777.^) = 1/(2A^), with N the number 
of e-foldings before the end of inflation. For the primor- 
dial density fluctuations this leads to a prediction Q of 
the spectral index n = 0.97 and the scalar to tensor ratio 
r = 0.13. The determination of cosmological parameters 
by the Planck collaboration @, ri = 0.96 ± 0.01, is con- 
sistent with this prediction. The observed amplitude of 
density fluctuations measures the parameter combination 
jn? K. (2/3) • 10" 1°, resulting in a second character- 
istic mass scale m = 2ml a ~ 5 • 10~^®eV besides fi. It 
becomes obvious in the Einstein frame that the cosmology 
of our model matches with observation. 



At this point it may be worthwhile to discuss the origin 
of the apparent singularity of the big bang in the Einstein 
frame for the metric. For the solutions discussed in this 
note we can associate the "big bang" with x — > 0. In the 
coordinate t this happens for i — > — 00, while for the co- 
ordinate t' the big bang occurs for t' 0. The curvature 
tensor formed from the metric gf^, remains finite, while it 
becomes singular for the metric g'^,^ at the time when x 
reaches zero. The reason is simply that R' is related to R 
by a multiplicative factor M^/x^ which diverges for x — > 0. 
(The precise relation contains also additive terms involving 
derivatives of x-) We conclude that the usual "big bang 
singularity" is a "coordinate effect" in the space of field 
variables. There exist simple choices of fields where solu- 
tions are regular for all time. Even more, there are regular 
bouncing solutions where the point x = is never reached, 
while late cosmology is a standard big bang cosmology. 



In conclusion, we have constructed a "variable gravity 
universe" whose main characteristic is a strong time vari- 
ation of the Planck mass or associated gravitational con- 
stant. The masses of atoms or electrons vary proportional 
to the Planck mass. This can replace the expansion of 
the universe. A simple model leads to cosmology with a 
sequence of inflation, radiation domination, matter dom- 
ination, dark energy domination which is consistent with 
present observations. The big bang is free of singularities. 
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